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Abstract 

Recently, Komargodski and Seiberg have proposed a new type of supercurrent 
multiplet which contains the energy-momentum tensor and the supersymmetry cur- 
rent consistently. In this paper we study quantum properties of the supercurrent 
in renormalizable field theories. We point out that the new supercurrent gives a 
quite simple resolution to the classic problem, called the anomaly puzzle, that the 
Adler-Bardeen theorem applied to an R-symmetry current is inconsistent with all 
order corrections to (3 functions. We propose an operator equation for the super- 
current in all orders of perturbation theory, and then perform several consistency 
checks of the equation. The operator equation we propose is consisitent with the 
one proposed by Shifman and Vainshtein, if we take some care in interpreting the 
meaning of non-conserved currents. 



1 Introduction 



In supersymmetric (SUSY) theories, R-charge R, supercharge Q a and momentum P M 
form a nontrivial algebra [R, Q a ) ~ Q a and {Q a , Qa} ~ a a a P^- This algebra suggests 
that the corresponding currents j^, and T^, respectively, are in the same multiplet, 
because the above algebra implies [j^, Q a ] ~ S£ and [S£, Q Q ] ~ ^aa^u- I 11 ^ ne language of 
superspace, the multiplet may be represented as a real vector superfield J^ix.Q.ff) with 

J»(x, 6, 6) ~ ^ + OS" + h.c. + 29a v 9T V11 + ■■■. (1) 

The existence of such a multiplet, called supercurrent multiplet, was indeed discovered 
by Ferrara and Zumino [lj. The supercurrent of Ferrara and Zumino contains, as its 
lowest component, the R-symmetry current with the charge assignment | to (the lowest 
components of) all chiral matter fields. Later, it was discussed that the anomalies of 
the R-symmetry current and the trace of the energy-momentum tensor (i.e. the anomaly 
of dilatation transformation) are also in the same chiral multiplet [2J [3]. The anomaly 
equation in superspace is given by 

D«J aa = D a X, (2) 

where J adl = —lo^J^ and X is a chiral superfield. Solving this equation in terms of 
component fields gives 

2 -T» + id,f R = F x , (3) 

where Fx is the F-term of the chiral field X. 

As an example, let us consider a SUSY gauge theory with matter fields in the represen- 
tation r and with no superpotential. It is known that the trace of the enegy-momentum 
tensor is proportional to the (3 function 0, 

rpn _ P(9 ) ptlUT? j (A\ 

1 ii - ±<A **" ' K ' 

where F^ v is the field strength of the gauge field, and the sum over the adjoint index is 
understood in the equation. We have only shown the term proportional to F" U F^ V and 



x Our definition of the j3 function is given by /? = dg /91og/x, where /i is a renormalization scale and 
g is the gauge coupling. 
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neglected other terms for simplicity. On the other hand, because the matter chiral fields 
have R-charge |, their fermionic components have R-charge — |, and hence the anomaly 
of the R-symmetry current is given by 

9A= t(A) ;J (r) F»"^ + -, (5) 

where t(A) and t(r) are the dynkin indices of the adjoint representation and the represen- 
tation r, respectively, and F^ = \e^ vpa F p(T . The presence of terms represented by dots 
will be discussed in the next section, but for the time being we neglect it for simplicity. 

At the one- loop level, Eq. ([3]) gives a successful result. Substituting the one- loop f3 
function, ^'^/g 4 = -(3t(A) - t(r))/8vr 2 , we obtain 

t(A) - \ t{r) 

l-loop 167T 5 



t(A) - U(r) 



v , W a W a \ e2 , (6) 

where W a is the gauge field strength chiral field. Thus, setting 

t(A) - k(r) 

X = - 1 ; g 2 3 1 J - W a W a , (7) 

we obtain a consistent result. 

However, a problem arises at higher loops. The function, and hence the trace 
anomaly in Eq. (jl]), receive corrections in all orders of perturbation theory. On the other 
hand, the Adler-Bardeen theorem [1] asserts that the anomaly of the R-symmetry current 
is exhausted at the one-loop level, and there are no higher order corrections to Eq. ([5]). 
However, Eq. ((3]) requires that they must be combined to form a F-term of some chiral 
field. This dilemma is called the anomaly puzzle. 

There have been several attempts to resolve the anomaly puzzle, and we believe that 
some of them [5j E] are successful and indeed give the basis of the present work (see also 
Ref. for a recent discussion). However, they are technically quite involved, and some 
points in their discussions seem to be not yet clear (at least to the authour, which we 
will discuss in the later sections). There is also a work [S] which gives a intuitively clear 
argument, but no explicit equation of the supercurrent was written down in that work. 
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The origin of the problem is that the supercurrent must satisfy Eq. (J3j) with some 
chiral field X, which gives a very stringent constraint on the supercurrent. However, 
Komargodski and Seiberg have recently shown [9] that the energy-momentum tensor and 
the supersymmetry current can be in a same supercurrent multiplet even if Eq. ([3]) is not 
satisfied (see also Ref. [10] for early work). They have shown that it is sufficient (although 
there are other possibilities for a supercurrent to satisfy the equation^] 

D«J a a = D a X - ^D 2 D a J, (8) 

for a chiral field X and a real vector field J. 
Solving the above equation gives [9] 

|r; = ReF x -~Dj, (9) 
d^f R = lmF x , (10) 

where Dj is the D-term of J. Now, the trace anomaly is not equal to the real part of 
the F-term of the chiral field X ! This suggests a quite simple resolution to the anomaly 
puzzle; if X is exhausted at the one-loop level and J receives higher order corrections, 
there is in fact no conflict between the Adler-Bardeen theorem and the all order nature 
of the trace anomaly. 

This paper is organized as follows. In section 2, we propose a supercurrent equation 
which is supposed to be valid to all orders of perturbation theory, based on the above 
resolution to the anomaly puzzle. We also discuss the relation of our proposal to the 
works Refs. (5], [6]. Section 3 gives consistency checks on the proposed equation. Sec- 
tion 4 studies the trace anomaly Eq. (Q in Wilson effective field theory along the line of 



Refs. [HI IE]- Appendix A collects our notation and conventions. Appendix B contains the 
discussion of the definition and properties of non-conserved currents, which is necessary 
to clarify the meaning of current operator equations. 



We use for the supercurrent regardless of the equation it satisfies. Also, we have represented the 



Xa of Ref. 9 as Xa = —jD 2 DaJ, which gives rise to no problem in the present paper 



4 



2 The operator equation of supercurrent 



In this section, we propose an operator equation which is supposed to be valid to all orders 
of perturbation theory (and even non-perturbatively in many cases). We consider a theory 
with chiral fields $ r in the representations r of some gauge group G. The chiral fields also 
have a renormalizable superpotential H / ($) and a canonical Kahler potential. We take the 
R-symmetry current with charge assignment | to all chiral matter fields, and we define 
the supercurrent J* 1 to have this R-symmetry current as its lowest component. Then, we 
propose the following supercurrent equation; if operators are defined and renormalized 
appropriately at the quantum level, the supercurrent equation is given as 

D^J a a = D a X — ^D 2 D a J, (11) 



where X and J are given by 

4 



X 

3 



V d® r 32tt 2 



(12) 

J = -2Y.lMe- 2V %. (13) 



7 r is the anomalous dimension [] of $ r . We have assumed a diagonal anomalous dimension 
matrix for chiral fields for simplicity, but a generalization is straightforward. 

This supercurrent equation is determined as follows. In the chiral multiplet X, there 
are terms which depend on the superpotential. These terms represent the tree-level vio- 
lation of the conservation of j# (see Eq. (HOP ). The term proportional to W a W a is the 
one-loop anomaly as discussed in the Introduction. Assuming the Adler-Bardeen theorem 



(although the theorem has some ambiguity discussed in Appendix B ), we insist that X 
be exhausted at the one- loop level. Then, X should be exactly given by Eq. (1121) . Higher 
order corrections are represented by J. From a simple dimensional analysis and gauge 
invariance, we can see that J should be a linear combination of $'e~ (Note that 



3 The definition of the anomalous dimensions and composite operators depends on renormalization 
procedures (and gauge fixings for gauge non- invariant operaters). Thus, Eq. (flTj) is valid only for "ap- 
propriate" renormalization procedures. Throughout this paper we simply assume the existence of such 
renormalization procedures, which satisfy several desired properties such as the NSVZ /3 function dis- 
cussed later and the Adler-Bardeen theorem. Various discussions found in the literature and in this paper 
motivate the existence of such "appropriate" renormalization procedures. 



5 



terms like + h.c. give no contribution in D 2 D a J.) The coefficients of these operators 
are chosen so as to be consistent with the later discussions in this and subsequent sections. 

Following the discussion of Ref. [9], we can always define another supercurrent by 
using a real vector superfield U, 



\J act ^ act yJ act [D a , D a ]U, 

X X' = X + -D 2 U, 
2 

J ->• J' = J — QU. 



(14) 
(15) 
(16) 



In components, this redefinition of the supercurrent gives rise to the redefinition of the 
R-symmetry current j^, the supersymmetry current S£ and the energy-momentum tensor 



T^ v . Using the equations collected in Appendix A, we have [9] 



Jr ~^ Jr iiji 



u, 



(17) 
(18) 

(19) 



where jy is the Qo^Q component of U, Xu the $ component of U and Cy the lowest 
component of U. The changes of T^ u and S£ are improvements of these currents, but 
becomes a totally different R-current. 



In particular, if we choose 6U = J, we have a new supercurrent J7j z 

D«Jll = D a X l 



-FZ 



(20) 



where 



X 



FZ 



327T 2 



• (21) 



is now the "Ferrara-Zumino multiplet" in the sense that it satisfies Eq. (|20|) . Further- 
more, by using the Konishi anomaly equation [12J (which is the extension of an ordinary 
anomay equation to superspace) 



dW t(r) 

d$ r 167T 2 



(22) 
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we obtain 



X 



FZ 



dW 3t(A)-Er(l-7r)*(r) 



w/ Q iy ( 



(23) 



d$ r 32tt 2 



a 



Note that the coefficient of W a W a is the numerator of the Novikov-Shifman-Vainshtein- 



which motivates the form of J in Eq. ( TT31) . 

Now let us comment on the previous solutions to the anomaly puzzle found in the 
literature [5j [6] , in light of the new supercurrent equation of Ref . [9j . In Ref . [5] , it was 
discussed that one can define two distinct supercurrents. The lowest component of one 
supercurrent satisfies the Adler-Bardeen theorem, but it does not contain the conserved 
energy-momentum tensor. The other supercurrent contains the energy-momentum tensor, 
but it does not satisfy the Adler-Bardeen theorem. The authors of Ref. [5] used regu- 
larization by dimensional reduction (DRED) [T4J [15], and discussed that the difference 
of the two supercurrents arises from the ambiguity of the definition of the supercur- 
rents in e dependent terms, where e = 4 — d is the dimensions which is dimensionally 
reduced in the regularization procedure. Now, at least as to the chiral matter contribu- 
tions, we can understand their result quite simply. We have two supercurrents satisfying 
Eqs. (Ill|ll2|ll3p and Eqs. (I20|l23p . in Eq. ( ITT]) satisfies the Adler-Bardeen theorem, 
and J7j z in Eq. ( 1201) satisfies the Ferrara-Zumino equation. These two supercurrents cor- 
respond to the ones considered in Ref. [5]. However, the current also contains the 
conserved energy- momentum tensor as discovered in Ref. [9J, and the difference between 

and Jj z can be understood in terms of fully renormalized operators, without any 
reference to e dimensions. 

One point which is still mysterious is the contribution to the (3 function in the de- 
nominator of the NSVZ function. For example, in a pure M = 1 Yang-Mills theory, 
the f3 function still receives all order corrections due to the denominator in Eq. (T24"]) . The 
existence of two supercurrents was discussed in Ref. [5] even in this case, while we cannot 
have two supercurrents in the discussion of the present section without using DRED. If 



Zakharov (NSVZ) exact p function [131 [8] , 



.NSVZ 



g 4 3t(A)-Er(l-7r)*(r) 
8vr 2 l-t(A)g 2 /87c 2 



(24) 
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one uses DRED, the equation which appeared in Ref. [5] in the case of the pure Yang-Mills 
is of the form Eq. (ITTj) with 

4 



X = 

3 



327T 2 

J oc (/fr^, (25) 

where is the superfield extension of the gauge connections [16], and g^ v is the metric 
in the e "compactified" dimensions. Because the gauge connections in the e dimensions 
are only adjoint fields, the right hand side of Eq. (1251) is gauge invariant. Furthermore, 
g^TfjTfj, satisfies 

D 2 GTr M rV) ex eW a W a . (26) 
Thus, by a supercurrent redefinition J a6l + [D a , D^U , we may obtain Eq. ( 12"U|) with 

(27) 



3 



I J" + higher corrections? ) W a W a 



32tt 2 ° ; 

It may be that the full NSVZ /3 function (i.e. including the denominator) appears in 
Eq. (12 7p . However, even if so, the above mechanism strongly depends on DRED, with no 
obvious regularization- independent argument. Furthermore, it is difficult to understand 
why the effect of e dimensions remains after taking the limit e — > if the operators 
are appropriately renormalized (i.e. all 1/e poles are appropriately subtracted). Perhaps 
more detailed diagrammatic study is required to see the consistency, which we leave for 
future work. Instead, in Section [3] we perform consistency checks on Eqs. f TTl~|12|ll3p based 
on exact results established in SUSY theories, and in Section H] we derive Eq. (Q by a 
formal argument in Wilsonian effective field theory. All of the discussions of those sections 
suggest that the denominator of the NSVZ (3 function does not (and should not) appear 
in the supercurrent equation. Thus, we do not claim that Eq. (12"?]) is a solution to the 
above problem. 

In fact, it is not clear (at least to the author) whether the non-appearance of the 
denominator of the NSVZ (3 function in the supercurrent equation is really a problem or 
not. In general, the definition of couplings and /3 functions depend on renormalization 



schemes (e.g. DR, DR, subtraction at a Euclidean momentum point, etc.). The defi- 
nition of composite operators is also renormalization scheme dependent. Therefore, the 
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trace anomaly equation (j4j) should be valid only for some combinations of renormalization 
schemes for the gauge coupling and the operator F^F^, and if we use other renormal- 
ization procedures, there seems to be no reason why Eq. (jlj) should precisely be satisfied. 
However, there is one important motivation for the trace anomaly to be proportional to 
functions. It is widely believed that when a theory is scale invariant, then the theory is 
also conformal invariant 0. Thus, if functions vanish (i.e. the theory is scale invariant), 
then it is expected that the trace anomaly also vanishes (i.e. the theory is conformal 
invariant). For this to be true, it is enough for the trace anomaly to be proportional to 
the numerator of the NSVZ function. The denominator of the NSVZ function cannot 
provide a zero point of the function. It can only provide a pole, but the pole cannot 
be reached at least when perturbation is valid. On the other hand, the numerator of the 
NSVZ function can become zero even in weakly coupled theories [T7J [18] and hence the 
trace anomaly should be proportional to it, or else the equivalence of scale and conformal 
invariance is invalidated. 

Shifman and Vainshtein proposed j6] the operator equation Eqs. ( l20f2T|) with the 
lowest component of J ¥Z given by the R-symmetry current with charge assignment | to 
all chiral matter fields. At first glance, this contradicts with our supercurrent equation, 
since we must redefine the R-symmetry current as in Eq. (|T7|) to obtain Eqs. ( )20|2T|) . and 
hence the charge assignment of the R-symmetry seems to be changed. In fact, the 9<j^9 
component of the Konishi current J r = $Je _21/ $ r ., which we denote jj, is an anomalous 
current with charge assignment +1 to the chiral field $ r , and zero to other fields. The 
redefinition to obtain Eqs. ( 12011211) leads 

J^jf Z)/i =^ + E^jX, (28) 

giving another R-symmetry current. 

We can interpret the supercurrent equation of Ref. [6] as follows. The new R-symmetry 
current jjf Z ^ in Eq. ( 128]) is indeed an R-symmetry current with charge assignment | to 
all chiral fields, with anomaly given by ImF X Fz of Eq. (|2"T|) . but not Eq. (T2l?|) . When we 
obtain Eq. ( )23|) from Eq. (12T1) . we use the anomaly equation Eq. (|22|) . However, when 

4 In some non-unitary Euclidean field theories, there are known counterexamples to the equivalence of 
scale and conformal invariance. We would like to thank Y. Nakayama for pointing out this to us. 
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we consider Ward identities involving the currents, the anomaly equation is valid only up 
to contact terms, and the contact terms are essencial for the definition of the currents. 
In fact, contact terms are the ones which determine charges of fields. See Appendix B 



for details. Thus, both and jjf are currents with charge assignment | to all chiral 
fields, if we take care that the anomaly of jjf Z ^ is given by Eq. ( 12 ip instead of Eq. ( 123]) . 
With this interpretation, our supercurrent equation is consistent with that of Ref. [6]. 

Before closing this section, let us discuss one more subtle point regarding the anomaly 
puzzle. Neglecting the superpotential, the anomaly of the R-current is proportional to 
the imaginary part of the F-term of W a W a , 

Im (W a W a \ e2 ) = —F^F^ - 0„(A<7"A), (29) 

where A is a gaugino. It contains a contribution from the gaugino other than the gauge 
field. The usual Adler-Bardeen theorem in M = theories is supposed to state that the 
anomaly should be given by one- loop exact expression proportional to F^F^, without 
any other terms. On the other hand, M = 1 supermultiplet structure dictates that we 
should include the gaugino term. However, M = 1 theories are merely a subset of M = 
theories. How should we consider about the gaugino contribution? 

It is often said that the one-loop exactness of the anomaly is related to the topological 
nature of F^F^. In instanton backgrounds, the integral of F^ U F^ V times some factor 
is quantized to be integers, and this integer can be interpreted as violation of charge 
conservation of anomalous symmetries by instantons [19] . The point is that this property 
is not violated by the presence of the gaugino term in Eq. ( 1291) . This is because the 
term d^Xa^X) is a total derivative of a gauge invariant operator, and the integration of 
it simply vanishes. Thus the integration of Eq. ( 129]) is the same as the integration of 
— \F^ h 'F^, which is quantized. 

Let us see more explicitly how the integration of d^Xa^X) vanishes. Consider a 
Euclidean correlation function (Xa^X{y)Oi{xi)Oi{x2) • • •) in some fixed instanton back- 
ground, and take the limit y — > oo. The propagator of gaugino behaves as 0(r~ 3 ), where 
r is the distance between two gauginos. (Here we considered the propergator of gauginos 
where one gaugino is at the position y and the other at some Xi.) The gaugino zero modes 
in instanton background behave as C(r~ 3 ) or C(r -4 ), depending on zero modes (see e.g. 
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Ref. [20J ) , where r is the distance between an instanton and a gaugino. (Here the gaugino 
is at y and the instanton is at some fixed position.) Regardless of whether the gauginos 
in the operator Acr^A are contracted with other gauginos or with instantons, the above 
correlation function behaves at most as 

(X^X(y)0 1 (x 1 )0 1 (x 2 ) •■•}-► 0((y- 3 ) 2 ) (y -> oo), (30) 

where we have taken into account that the operator Acx^A contains two gauginos. Thus, 
if Aer^A is integrated on an infinite sphere, it behaves as 0((y~ 3 ) 2 ■ y 3 ) — > 0. Therefore, 
the integration of the total derivative <9^(Acr M A) gives no contribution. 

It may seem puzzling that the gaugino term gives no contribution by the following 
reason. Let us consider the case of M = 1 pure Yang-Mills. Then, the operator Acr M A is 
proportional to the R-symmetry current j^, and hence it satisfies the anomaly equation 
9 M (Acr M A) ~ g 2 F ilv F PuV . We have discussed that the integration of the left hand side of 
this equation vanishes, while the integration of the right hand side is obviously nonzero 
in instanton backgrounds. The resolution to this puzzle comes from contact terms. As 



discussed in |Appendix B[ the anomaly equation is valid only up to contact terms, and 
the integration of g 2 F tlu F lxv should be balanced with the integration of the contact terms. 
Then there is no puzzle that the integration of d^Xa^X) is zero. 

In conclusion, we claim that the presence of the gaugino term in Eq. ( l2T?j) does not 
affect the topological argument given above, and hence it does not spoil the "Adler- 



Bardeen theorem" in some sense. See Appendix B| for further details. 



3 Consistency checks 



In this section we perform consistency checks on the proposals of the previous section. 
See also Ref. [20] and references therein. 



3.1 Conformal fixed point in M = 1 gauge theories 

In many SUSY gauge theories, there exists a conformal fixed point |18] . Some of the 
properties of the fixed point is exactly known due to superconformal symmetry [21]. We 
check the consistency of Eqs. ( fTTTll 2U13I) with those results. 
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At the conformal fixed point, all the anomalous dimensions are constants (i.e. in- 
dependent of the renormalization scale). The supercurrent in Eq. ( ITT]) contains the 
R-symmetry current with charge assignment | to all chiral fields. Then, by using the re- 
definition of the current as in Eq. ( TTTj) and using the Konishi anomaly equation Eq. ( 1221 . 



we obtain Eqs. ( 120123]) . As discussed in the previous section and in Appendix B the use 
of the anomaly equation changes the charge assignment of the R-current. From Eq. (128]) . 
one can see that the new R-symmetry assigns charge 

bj < 31 > 

to (the lowest component of) chiral fields $ r . 

The j3 function Eq. (f24j) should vanish at the fixed point, and hence the term propor- 
tional to W a W a in Eq. (|23]) vanishes. Note that the denominator of the NSVZ /3 function 
plays no role in this discussion. As to the superpotential terms, if the superpotential 
contains a term of the form W ~ $i$2 • • • then 



3^-E(l + y) (a-m-i^) Si*,-*, 



(32) 



The condition that the parenthesis in the right hand side of Eq. ([32]) vanishes is just the 
condition that the interaction W ~ $i$2 • • ■ is a margial interaction (i.e. not relevant 
or irrelevant interaction) at the fixed point. Thus, Eq. (123]) completely vanishes and the 
new supercurrent (which we call j£ ) satisfies the equation [9] 

D«J*2 = 0. (33) 

This equation in particular implies the conservation of the R-symmetry current and the 
tracelessness of the energy-momentum tensor. 

At the fixed point, a scaling dimension A and an anomalous dimension 7 of a scalar 
field satisfy the relation A = 1 + 7/2. This relation can be obtained by solving the 
two point correlation function of the field in terms of the anomalous dimension by using 
the Callan-Symanzik equation, and then compare the result to the exact expression for 
the correlation function in conformal field theory. Thus, the charge Eq. f l3T]) implies the 
relation between the R-charge R r and the scaling dimension A r of the (lowest component 
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of) chiral field $ r 



Rr = l^r- (34) 



It is known that the M = 1 superconformal algebra requires the existence of the R 
symmetry, and the R-charge and the scaling dimension of chiral (primary) fields must 



satisfy exactly the relation Eq. (134"]) [3. Thus, the R-symmetry in J7^ c is precisely the one 
which appears in the superconformal algebra, giving consistent result. 

3.2 Central extension of J\f = 1 algebra and BPS domain walls 

M = 1 SUSY algebra has a central extension with applications to strong dynamics of 
SUSY gauge theories [22] • By calculating the supersymmetric transformation of the su- 



percurrent in Eq. (TIT]) , one obtains [9] (see Appendix A for notation 



{S»a, Qp] = (%T^ + -e vwa d p fj - iVu^d p j p R + id u j Rp - -e vwa d p j°^j , (35) 
{S^Q?} = -2x(^)J^t- (36) 

Taking the \i = component and integrating over the space / d 3 x gives the SUSY algebra. 
We assume that all fields which have space-time indices vanish first enough at spatial 
infinity so that the surface terms do not contribute in the integration. Then, Eq. (135]) 
gives ordinary SUSY algebra. However, (px need not vanish at spatial infinity because it 
is the lowest component of the chiral field X. If there exists a domain wall in the theory, 
the value of <px may be different between two phases separated by the wall. In that case, 
by integrating Eq. ( 136]) we obtain 

{Qa,Q P } = -2i{a^imAZ, (37) 
Z = (^) 2 -(^) 1 , (38) 

where A is the wall area (which is infinity if the wall is present in flat four dimenional 
spacetime, but that does not matter in the present discussion), rii is the unit space vector 



5 Strictly speaking, what is rigorously proved is that Eq. (|34p is satisfied by a gauge invariant chiral 
primary field which may or may not be a composite operator. But practically, Eq. (|34j) is valid even for 
gauge non-invariant fields which is not a composite operator. 
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orthogonal to the wall, and ( a = 1>2) is the vacuum expectation value of <$ x in 

the two phases separated by the wall. We have assumed that the wall is static. 

As is usual in the central extension of the SUSY algebra, the central charge gives a 
lower bound on the wall energy. The wall tension is bounded as 

Wall tension >- \Z\, (39) 

with the equality saturated if the wall is in a BPS state. See Ref. [23] for a detailed 
discussion on these matters. Note that the one-loop exactness of X means the one-loop 
exactness of the central charge Z. 

Let us apply the above formulation to the case of M = 1 pure SU(N) Yang-Mills [22] . 
In this case, gaugino condensation occurs, with the vacuum expectation value of W a W a 
exactly given as (see Ref. [21] for a review) 

("W") = (* = 1 » 2 . ( 4 °) 

where A is the holomorphic dynamical scale, and k — 1, 2, • • • , N represents the existence 
of N vacua in pure SU(N) theory. In this theory we can have a domain wall since there 
are N phases of vacua. Then, using Eq. ( 1T2j) . Z is given by 

-\Z\ = 2N \exp(2mk 2 /N) - exp(2mk 1 /N)\ |A| 3 , (41) 

where ki and k 2 are the values of k of the two phases separated by the wall. 

The central charge is a physical observable as the tension of the BPS domain wall. 
Thus, from Eq. fj4T|) . we can see that A should also be a physical observable. Renormaliza- 
tion group property of holomorphic dynamical scales is studied in detail in Ref. [25] . It is 
shown that a holomorphic dynamical scale A is not invariant under renormalization group 
flow in general gauge theories with matter fields. However, in the case of pure Yang-Mills, 
A is invariant under renormalization group, and hence is a physical observable. This is 
consistent with the appearance of A in Eq. ( I4TT) . If the coefficient of W a W a in Eq. ( fl~2l) (or 
equivalently Eq. ( 1231) in the case of pure Yang-Mills) were not the one-loop exact expres- 
sion but /5 ! NSVZ /g 4 (see Eq. ( )24|) ). we would obtain a renormalization group non-invariant 
central charge, since the gauge coupling is not renormalization group invariant. This is 
an evidence that the full NSVZ function should not appear in Eq. ( J23|) . and only the 
numerator of the NSVZ (3 function appears. 
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3.3 One-loop exactness in M = 2 SUSY QCD 

M = 2 gauge theories are special cases of M = 1 gauge theories, so the formulation of the 
previous section should also apply to M = 2 theories. Let us consider M = 2 massless 
SUSY QCD (SQCD). (Inclusion of mass terms is straightforward.) In M = 1 language, 
we have vector-like pairs of chiral fields Q r , Q r in the representation r and f respectively, 
which form hypermultiplets, and an adjoint field <& A d which, combined with the gauge 
multiplet, form an M = 2 vector multiplet. To coincide with the previous convention, let 
us canonically normalize Q Ad for the time being. Then the superpotential is given by 

W = V2gY,Qr®AdQr- (42) 
r 

It is known that the anomalous dimensions of Q r , Q r are exactly zero (see e.g. Ref. [26] 
for a non-perturbative argument). The wave function renormalization of <& Ad is given by 
the gauge coupling constant because it is in the same multiplet with the gauge field, and 
hence its anomalous dimension is given by the (3 function as 

d _ 2 (3 

It is also known that the (3 functions in M = 2 theories are one- loop exact. Using these 
anomalous dimensions, J in Eq. ffl3|) is given by 

J = -2^ Ad e- 2V <b Ad . (44) 

In Section [2J we have stated that X is the one-loop contribution and J represents the 
higher order corrections. If so, Eq. (1441) shows that the supercurrent equation in the M = 2 
SQCD receives higher order corrections. However, this distinction of the one-loop and the 
higher order contributions is in fact not necessarily well-defined, and the corrections to 
the supercurrent equation of M = 2 SQCD is really exhausted at the one-loop level to all 
orders of perturbation theory as we will now see. For this purpose, we use the redefinition 
of the supercurrent as in Section [2] to obtain Eqs. (120|2ip . Furthermore, we redefine the 
normalization of as 

§ Ad -<5> Ad , (45) 
9 
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so as to be consistent with M = 2 structure. We also use the one-loop-exact /3 function 
/3/g 4 = —(2t(A) — I] r t(r))/87r 2 . Denoting the new supercurrent by Jff =2 -, we obtain 

D«J«= 2 = D a X N =\ (46) 

where 

X M=2 = _ 2t(A)- E r t(r) / w „ w ^ _ l D 2^ e -2VQ r) \ (4?) 

Note that in the above redefinition of the supercurrent, the charge assignment of the R- 
symmetry does not change because we have not used any anomaly equation, as explained 



in detail in Appendix B Note also that the combination in the parenthesis is exactly the 
one which appears in the M = 2 gauge kinetic term in the Lagrangian. Thus, in this form 
it is clear that the corrections to the supercurrent equation is exhausted at the one-loop 
level to all orders of perturbation theory, if the supercurrent is appropriately defined. 

4 Trace anomaly in Wilson effective field theory and 
holomorphic gauge coupling 

In the previous two sections, we have proposed the supercurrent equation and seen the 
consistency of the equation. In this section we study the trace anomaly in Wilson effective 
theory along the line of Refs. [6, 8J. The argument of this section comes near the proof 
of Eq. with Fx and Dj given by the F-term and D-term of Eqs. (fl~2l) and (fl3l) . 
respectively. 

Before discussing the supersymmetric case, let us give a general argument which is 
applicable even for non-SUSY cases. We consider a theory described by some fields fa 
with mass dimension (where c in the superscript means "classical scaling dimension"). 
There are coupling constants g a in the theory with mass dimension d a , and the theory is 
regularized with the Wilson cutoff scale M. Among the coupling constants, we include the 
wave function renormalization factors of the fields so that we do not renormalize the fields 
as we change the cutoff scale M. Then, we consider the following correlation function, 

Z(g a , M, {i,j, •••}) = {fa{ Xl )fa{x 2 ) ■■■). (48) 



16 



This correlation function Z is calculated by using path integral as 

Z{g a , M, {i,j, ■■■})=[ [D4>] M ex^[iS{(j) h g a )]M x i) ( Pj( x 2) ■ • ■ , (49) 

where [Dip] is the path integral measure, and the subscript M in [-D0]m means that the 
higher momemtum modes in the path integral are cut off at the scale M. S is the action 
of the theory. 

Let us change the parameters according to their mass dimensions as M — > M' = e a M 
and g a — >■ g' a = e daa g a , with a an infinitesimal real parameter. Then, we obtain 

z (g' a i M 'AhJ ',•••}) = Jl D <P}M>exp{iS(<p i ,g' a )}(i) l (x 1 )4) j (x2)---, 

= J[D(f)'}M'exp[iS((j)' i ,g' a )}(f)' l (x 1 )(f)' j (x2)---, (50) 

where in the second line we have changed the name of the integration variables from 
<p to <$' . This is a trivial renaming and does not affect anything. Now, we change the 
integration variables as 

<P' l (x) = e A ^(e a x). (51) 

This is a nontrivial change of the variables. 

Because the classical action is dimensionless, it is invariant under the change g a — > g' a 
and (ft — > 4>', that is, 

S(g' a ,^ = S(g a ,(f> i ). (52) 

(pi(xi), 0j(x 2 ), • • • appearing in Eq. is changed as, e.g. 

= (f>(xi) + a (x>tdMxi) + A?^(x0) + 0(a 2 ), (53) 

where we have expanded in terms of a. 

The most important point is that the path integral measure is also invariant in the 
sense that 

/ [£>0V = / Mm, (54) 
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that is, it is invariant under the simaltaneous change of <p and M @. What we are imagining 

here is an explicit cutoff of higher modes which may be schematically represented as (e.g. 

for the case of scalar bosons with mass dimensions one) 

r 1 r M 

J[D4>] M ~ Yl 2MJ = {an ,an 1 ,an 2 ,an 3 }) (a ~ M~ l ). (55) 

no,ni,n2,ri3:integer — M 

With such a definition of the path integral, Eq. (I54I) can be explicitly checked. Of course, 
we do not know any rigorously defined Wilsonian path integral which maintains gauge 
invariance, supersymmetry, and other properties which should be satisfied in quantum 
field theory. In this paper we simply assume the existence of a regularization scheme 
which satisfies Eq. (j54p . Note that the above discussion would become more complicated 
if we renormalize fa as we change the renormalization scale M. 

Using the invariance of the path integral measure and the action, we obtain 

Z(g' a ,M',{i,j,---}) = Z(g a ,M,{i,j,---}) 

+ J [D4>\ M e^[iS{(j)i : g a )\a{x t ld lx (j)i{xi) + A°fa(xx)) fa(x 2 ) ■ ■ ■ 
+ •■■• (56) 

On the other hand, from the renormalization group invariance, we obtain 

Z(g' a , M\ {i,j, ••■}) = Z(g' a - a(3 a + 0(a 2 ),M, {i,j, ■ ■ •}) (57) 

where (3 a is the (3 function of g a , 

Note that we have again used the invariance of the normalization of (pi with the change 
of M. Thus, we obtain 

Z(g' a ,M',{i,j,---}) = Z(g a ,M,{i,j,---}) 

+a^2(da9a - a )^-Z(g a , M, {i,j, •••}) + 0(a 2 ), (59) 
a dg a 

where the derivative of Z(g a , M, {i,j, ■ ■ ■}) can be calculated as 

-^-Z{g a ,M, {i,j, •••}) = J [D(j)} M expliS^i, g a )]i 9S ^ *' 9a (j)i(x 1 )4> j (x 2 ) ■■■■ (60) 



If we change the variables 4>i with M fixed, we would get an anomalous Jacobian, which is studied 
in detail in Ref. [5]. 



18 



Using Eqs. ( 156|59II60I) . we finally obtain the formula 

d 4 yA I) (y)(j)i(xi)(j) j (x2) 



+ (i {xld^xt) + A-0i(xi)) <f>j(x 2 ) ■ ■ •) 

+ •■•, (61) 

where we have defined 

a d = 2^{d a g a - (3 a ) — . (62) 

a 09a 

£ is the Lagrangian of the theory. 

The expression i^x^d^i + A£0j) is an infinitesimal version of the (classical) dilatation 
transformation. Thus, we can expect that Eq. ( 16 ip is the integration of the following 
anomalous Ward identities, 

{d^B(y)<f)i(x 1 )(f) j (x 2 ) ■ ■ ■} = (A D (y)(f) l (x l )(f) j (x 2 ) ■ ■ ■) 

+5 4 {y -xx)(i (xfd^xi) + A^(xi)) <f>j(x 3 ) • • ■) 

+ • ■ ■ + (total derivatives), (63) 

where j£ is the current of dilatation, which is given in terms of the energy-momentum 
tensor as 

& = xJT*. (64) 

Because d^jQ = up to contact terms, we can see that A D given in Eq. f[6"2"j) is the trace 
anomaly up to total derivative, Tjf = + (total derivative). 

Now we apply the above formulae to SUSY theories. The Wilson effective Lagrangian 
of the SUSY theory discussed in Section [2] is given by 



£ = f d i 6Y J ZM.e- 2V <$> r + f d 2 6 (w{$) + ~^W a W a ) + h.c, 

J r \ 9h / 



(65) 



where Z r is the wave function renormalization factor of $ r , and g^ is the holomorphic 
gauge coupling constant which runs only at the one-loop level in renormalization group. 
We have neglected higher dimensional operators which are suppressed by the cutoff scale 
M. We define the anomalous dimension of the fields as 

lr = ~ M jM l ° gZr - (66) 
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Using the nonrenormalization theorem of the superpotential and the one-loop exactness 
of the holomorphic coupling constant, Eq. f l62l now reads 

1 f d i 6J+ - f d 2 9X + h.c, (67) 



2 J 4 

where J and X are defined by Eqs. ( 1T2TT31) . (Note that the fields are canonically normal- 
ized in Section [2] so that Z r = 1.) 



After doing the 9 integral, the trace anomaly we finally obtain is (see Appendix A for 
notation), 

T£ = A D + (total derivative) 
1 3 

= — -£> j + -ReFx + (total derivative), (68) 

which agrees with Eq. (jH]) up to total derivative. 

We have some comments on the above results. First, we should expect that the 
total derivative term can not be determined by the above general argument, since the 
improvement Eq. (fl9l) is allowed in the definition of the energy-momentum tensor. The 
next comment is on the classical scaling dimensions A£ appearing in the anomalous Ward 
identity Eq. f )63|) . This scaling dimension is modified by the use of the Konishi anomaly 
equation (|22|) . because of the existence of contact terms in that equation. Defining Y as 
the right hand side of the Konishi anomaly equation 



(69) 



we have a supersymmetric extension of anomalous Ward identities (which can be derived 
as in the case of the usual anomalous Ward identities), 



(D J (y)+2ReF Y (y))<f> r (x 1 ,e,e)---) = -2i5\y - x x ) lr ($ r ( Xl , 6, 6) ■ 

+ ■ • • + (total derivative). (70) 
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After using the Konishi anomaly equation, the above contact terms modify the scaling 
dimensions as 



which is consistent with the discussion of Subsection 13.11 

The last comment is on the role played by the holomorphic gauge coupling constant. 
The anomaly puzzle stated in the Introduction comes from higher order corrections to 
the j3 function, and hence there is no puzzle if the /3 function is one- loop exact. The holo- 
morphic gauge coupling indeed has the one-loop exact ft function. The above derivation 
of the trace anomaly utilizes the one-loop exactness of the holomorphic gauge coupling, 
confirming the idea in Ref. [B]. 
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Appendix A Notation and Convention 

For superspace manipulation, we follow the conventions of Wess and Bagger [27], except 
that a matter kinetic term is given by $^e _2y $, and a gauge field strength chiral field 
is given by W a = |D 2 e 2V D a e~ 2V where V is a vector superfield for a gauge multiplet. 
As in Ref. [9], a vector is often expressed in bi-spinor notation as £ a a = —lo^t^ 



(71) 




A chiral field X is given as 



x = <p x (y) + V26^ x (y) + o 2 F x (y), y = x + iOa^e. 



(A.l) 



A real vector superfield J is given as 



j = Cj+iexj-iexj + ^Lj-'-PLj + eaJfj 

+i9 2 9 hj + l -a» x .] ~ M 2 \\j + VxjI + \o 2 2 \Dj + ]-d 2 Cj] . (A.2) 
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Using these notations, the solution of Eq. ( ITTT) is represented as [9] 



j" = f R + e[s»- 4=^*) + e (s» + -\f^x\ + l -o 2 d^ x - l -e 2 d^ x 



+6<rJ (2T^ - V ^ReF x + (2d pjRu - d pJja ] 

+e 2 (fosw - -^drf x a><A e + e 2 e (- % ~a p d p s» + _^va P v*) 
+e 2 e 2 (~<m^ - \d 2 f R ) , (a.3) 

where j R is an R-symmetry current, S£ a supersymmetry current, and T^ v an energy- 
momentum tensor. 

In a redefinition of a supercurrent, we encounter an expression of the form [D a , Da\U 
with U a real vector superfield. In components, it is given as 

\a^ a [D ai D«}U = -j£ + 9(i<j m \u + d m X u) + 6(ta m \u + d*xu) + \e 2 d»L v + ^PPLu 

+9a u 9 {DutT + d^Cu + e^d p j Ua ) 

+ le 2 6 {-a*o»d v X a + ia v d^ X u) + \e 2 6 (-^a v d v \u + ia^d'xu 
+6W[- 1 -d^d u f u + \d 2 f u y (A.4) 

Appendix B Non-conserved currents and anomalous 

Ward identities 

A conserved current can be characterized by Ward identities it satisfies. Suppose that a 
theory has fields fa with charge qi under some symmetry, and the current of the symmetry 
is denoted by j^. Then, correlation functions satisfy the following Ward identities B 

(d l ,j^(y)fa(x 1 )(f) j (x2) ■ ■■faixz)) = q l 5 i {y - x x ) (fa(xi)fa(x 2 ) ■ --faM) 

+qj5 A (y - x 2 ) (fa(x 1 )(p j (x2) ■ ■ ■ fa{x 3 )} 
+ ■■■ 

+qk5 4 (y - x 3 ) (fa(x 1 )fa(x 2 ) ■ ■ ■ fa(x 3 )) , (B.l) 



7 We neglect Schwinger terms for simplicity. 
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where (• • •) means path integral expectation values. There are contact terms proportional 
to the delta function, and the existence of these contact terms is the defining property of 
the current. 

We should consider contact terms for the case of non-conserved currents as well. We 
define a non-conserved current as follows. We say that a non-conserved current j M with 
charge assignment % to fields fa nas anomaly A (which is not necessarily a quantum 
anomaly but also contains tree-level violation of the conservation of the current) if it 
satisfies anomalous Ward identities, 

(d^j fl (y)(j)i(x 1 )(j) j (x2) ■ ■ -M^)) = (MvWiMfaM ' • -faM) 

+q^ A (y - xi) (fa(x 1 )fa(x 2 ) ■ ■ ■ fa(x 3 )) 

+qj5 4 (y - x 2 ) (fa(xi)fa(x 2 ) ■ ■ ■ fa(x 3 )) 
+ ■■■ 

+qkS 4 (y - x 3 ) (fa(x 1 )fa(x 2 ) ■ ■ ■ fa(x 3 )) ■ (B.2) 

The usual anomaly equation <9 M j M = A is valid only up to contact terms, and the contact 
terms are specified by the charge assignment. 

Let us take another non-conserved current j' M and define j£ ew = j M + j ,fl . Then, j£ ew 
is a current with charge assignment qi to fields fa with anomaly A + d^j'^, because it 
trivially satisfies 

(d^ e Mfa(xi)fa(x 2 ) • --faM) = ((Mv) + d„j'"(y))fa(x 1 )fa(x 2 ) ■ ■■<p k (x 3 )) 

+qi$ 4 (y - xi) (<l) i (x 1 )(j) j (x2) ■ • -fa(x 3 )) 
+qj$ 4 (y - x 2 ) (fa(x 1 )fa(x 2 ) ■ ■ ■ <Pk(x 3 )) 
+ ••• 

+qk^(y - x 3 ) (0i(xi)0j(x 2 ) • • • (f) k (x 3 )) . (B.3) 

Note that the charge assignment is not changed at this point. If j' M is a current with 
charge assignment q[ to fields fa and has anomaly A', we can also interpret j£ cw as the 
current with charge assignment qi + q[ to fields fa and anomaly A + A'. These two 
interpretations are completely consistent with each other. The charge assignment of non- 
conserved currents has this ambiguity, and a non-conserved current becomes meaningful 
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only after specifying both the charge assignment and the anomaly of the current. For 
example, the most trivial statement is that an arbitrary vector £>* is a current with charge 
assignment to all fields with anomaly d^. In all the situations considered in this 
paper, the above is suppressed by coupling constants compared with j M , so in the 
language of renormalization, the difference between and j£ ew , j'^, can be seen as a 
finite counterterm to the operator. 

In the case of the usual Adler-Bell-Jackiw anomaly, A is given by a topological term, 
A oc F^F^y. In our opinion, the real significance of the Adler-Bardeen theorem is not 
that the relative coefficient of the current and the anomaly F^ U F^ U is one- loop exact, 
but that the relative coefficient of the contact terms and F^F^ in the anomalous Ward 



identities Eq. (IB~2l is one- loop exact. If we integrate Eq. ( IB. 21) in terms of y, the left 



hand side is an integration of total derivative and hence vanishes (if there are no massless 
Nambu-Goldstone-like poles). We obtain 

o = ^|dV(y)) faMfaW ■••to)) 

+ Qj H 1- Qk) (faMfafa) • • • <Pk(x 3 )) (B.4) 

At least in the case of non-Abelian gauge theories, the integral of A oc F^F^ is quantized 
in instanton calculus, and hence the relative coefficient of A and contact terms should 
not receive higher order corrections to satisfy / d A yA(y) + Q — at some instanton 
background (see e.g. Ref. (28] for a lucid review). In this point of view, it does not matter 
whether A is given by F^F^ or F^ V F^ V + c^j'^, because the integration of the total 
derivative vanishes. For example, as pointed out in Section [2j in SUSY gauge theories 
the imaginally part of the F-term of W a W a (which gives anomaly) is not proportional to 
F^F^ but 

Im (W a W a \ e2 ) = —F^F^ - <9 M (A^A), (B.5) 

where A is the gaugino. The presence of d^Xa^X) is one of the sources of the confusion 
about the anomaly puzzle in the past (see e.g. Ref. [29]). But in the context of the 
present discussion, this term does not spoil the Adler-Bardeen theorem since it is a total 
derivative. 
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Perturbative calculations also suggest [30J that the Adler-Bardeen theorem is correct 
in the above sense. Contrary to the case of conserved currents, non-conserved currents 
usually receive quantum corrections and are renormalized, j M — > Zjj^ where Zj is the 
renormalization constant. The anomaly A ~ F^F^ is renormalized as [31] A — > A + 
ZAjd^j^. If we appropriately normalize the anomalous current so that the Adler-Bardeen 
theorem in the usual sense (i.e. one-loop exactness of the relative coefficient between 
and F^F^v) is maintained in the renormalization group flow, we have Z A j = Zj — 1, and 
Eq. ( IB. 21) is maintained. However, even if we do not normalize the current appropriately, 
the relative coefficient of the contact terms and the topological term F^ U F^ V is not changed 
under the renormalization group, and hence the Adler-Bardeen theorem in the above sense 
is still correct. 

In this paper, we usually define non-conserved currents "appropriately" (by using the 
ambiguity j M — > + j'^ and A — > A + d^j'^ discussed above) so that the supersymmetric 
version of the Adler-Bardeen theorem in the usual sense is maintained. However, the 
"appropriate" definition of currents depends on the number of SUSY, Af, as follows: 



where 4>Ad and if Ad are the scalar and fermion components of the adjoint chiral field $Ad 
in Af = 2 theory (see Eq. (IB .511 and Subsection 13.31 ). These definitions of the anomaly 
only differ in the total derivative terms, and hence the difference is not significant for the 
Adler-Bardeen theorem in the sense discussed above. 

There is in fact a nontrivial prediction of the above consideration combined with the 
discussion of Section |2j Let us consider Af = 1 pure Yang- Mills. The anomaly equation 
of the R-symmetry current is given by 



We do not kwon (without further detailed study) the precise normalization of the operator 
Xa^X, because of the ambiguity of the finite renormalization in perturbative calculations. 
However, at least at the leading order, it is related to the R-symmetry current as 




F^F^ (Af = 0) 

F^F fMU + 2d^(Xan) CAf=l) 
F^F^ + 2df 1 (Xa >J, X + i> M ^M + i{P^ M )<f> M - i(f) Ad (D^ Ad )) (Af = 2) 




(B.6) 



Xa^X 



(g 2 + o(g 4 W R . 



(B.7) 
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(Note that the normalization of the gauge kinetic term is given by / d 2 B(l/Ag 2 )W a W a .) 
Thus, we can rewrite the anomaly equation as 

«=o = J^ F ^ P ^ ( B -8) 

jX=o = (l + ^ 2 + ^ 4 ))^- (B.9) 

The current j^ =0 is the one which is normalized so as to satisfy the Adler-Bardeen the- 
orem in the M = description. Now, the important point is that the current is 
not multiplicatively renormalized, because it is in the same multiplet with the energy- 
momentum tensor, and it does not mix with other currents simply because there are no 
other currents in pure Yang-Mills theory. Thus, is renormalization group invariant. 
Then, from Eq. (1B.9|) . we can see that the anomalous dimension of the current jfr =Q is 
predicted as 

7^=o = log fl + ^ 2 + 0(9')) 



2 \ 2 

9 > ( -l2t{Af) +0(g 6 ). (B.10) 



\167r 2 7 

This result indeed agrees § with the explicit two- loop calculation [321 ED]- We leave more 
detailed study on these points for future work. 
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